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Abstract. We consider various systematic ways of defining unbounded operator valued in- 
tegrals of complex functions with respect to (mostly) positive operator measures and positive 
sesquilinear form measures, and investigate their relationships to each other in view of the ex- 
tension theory of symmetric operators. We demonstrate the associated mathematical subtleties 
with a physically relevant example involving moment operators of the momentum observable 
of a particle confined to move on a bounded interval. 
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t^. ■ 1. Introduction 

Selfadjoint operators represent observables in the traditional (von Neumann) description of 
quantum mechanics when a quantum system is associated with a Hilbert space H. By the 
spectral theorem, selfadjoint operators A in H are in a bijective correspondence with spectral 
^ ■ measures (normalized projection valued measures) E : B (R) — > C(J-L) where B(R) is the Borel a- 
algebra of the real line R and C(H) is the space of bounded operators on TL. The correspondence 
in the spectral theorem can be written as an operator integral, in the form A = J x dE(x). More 
specifically, if E : B (R) — > £(H) is a normalized projection valued measure, and / : R — > R 
a Borel measurable (possibly unbounded) function, there exists a unique operator, denoted 
q \ J f dE, such that its domain 



(1) Dom fdE) = \tpeH 



is dense, and, for all ip G "H, ip G Dom( f f dE) 



\f(x)\ 2 dE^x) < oo 



(2) U 



J f dE^j ip^j = J f(x) dE^x) 



where E^ j¥ ,(X) := (ip\E(X)(p) , X G B(R). This operator is selfadjoint and its spectral measure 
is X i— > E(/~ 1 (X)). In addition, ||(J f dE)ip\\ 2 = J \f(x)\ 2 dE^^x), consistent with the feature 
that the domain consists of exactly those vectors for which the integral of the square of / is 
finite. 

However, from the operational point of view of quantum measurement theory, this definition 
is often considered too restrictive: in standard modern quantum theory (in particular, quantum 
information theory), a generalization to (normalized) positive operator (valued) measures is 
used instead. A physical consequence is that a positive operator measure (POVM) which 
is not a projection valued measure (PVM) will, in particular, allow some imperfections of 
measurement. 

Going from projection valued measures to general positive operator measures, some useful 
features of the theory are lost, most notably the spectral theorem and functional calculus. 
However, some ideas of spectral theory may be retained: According to Naimark's dilation 
theory, as given e.g. in |16] or [T], for any densely defined symmetric operator A in % there 
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exists a normalized POVM E : £>(IR) — > £("H), having the properties 

(3) (i>\A<p) = JxdE^(x), e n, <f e Dom(A), 
and 

(4) lkM| 2 = Jx 2 dE^(x), if E Dom(A). 

However, unlike the case of spectral measures, the domain of A need not coincide with the 
set of vectors for which the integral in (jlj) is finite. Moreover, the correspondence does not 
work the other way: not every POVM E : B(M.) — > C{T-L) satisfies ([3]) and (jlj) with respect to 
some symmetric operator A. This has been noted in the above references, along with the fact 
that the integral in the right hand side of (jlj) may well be infinite for any nonzero vector if. 
Moreover, a normalized POVM corresponding to a symmetric operator A as above is unique 
only if A is maximally symmetric (i.e. has no proper symmetric extension) [TJ. 

For these reasons, going from a POVM to a symmetric operator is not straightforward and 
choosing a reasonable definition for the operator integral j f dE (including its domain) is prob- 
lematic - except when / is bounded, in which case the domain is all of "H. 

In fact, the difficulties in choosing the domain have led the authors in [TJ p. 132] to consider 
j xdE{x) in a symbolic sense only, as a shorthand for the equations ([3]) and (]!]), provided they 
hold for the given POVM. As pointed out by Werner |18j . however, even the general operator 
integral j f dE can be uniquely defined as a symmetric operator on the domain ([TJ), so that 
([2]) holds, in contrast to what appears to be intended in [Tj p. 132]. (See the above paper by 
Werner, and also [8].) The reason why this does not contradict the observation that not every 
POVM satisfies ((2]) and fll]) for some symmetric operator, is simply that (jlj) does not hold for 
A = j xdE(x), in general. 

When (jlj) holds, with ([TJ) dense, the POVM is called variance free |19| . For a general POVM 
it may be the case that only the inequality 

(5) 

holds. The domain of ([TJ) has a physical meaning as the set of those vector states for which the 
measurement distribution has finite variance. For this reason, this set is a natural domain for 

the variance form 

(i/>,<p)^ J x 2 dE^-{E[l}^\E[l}<p)e£ 

where E[l] = j xdE is the first moment operator of E (see Section E]). This definition for the 
domain of the operator integral appears most frequently in the literature, see e.g. [TS| (TTJ [TJ. 

One might think that above the definition would settle the question of defining the operator 
integral. However, after losing the equality in (jSJ), it is no longer clear whether the finiteness 
of the integral in the right hand side is actually needed to define the operator integral. Loosely 
speaking, the reason for the square of / appearing in the definition of the domain is connected 
to the multiplicativity of the projection valued measure, which is no longer true for POVMs. 
In fact, the square integrability domain ([TJ) is not necessarily the largest possible one where (j2J) 
defines an operator. This is easy to see: for example, consider the POVM X i— > E(X) := fi(X)I, 
where \i is a probability measure and / the identity operator on any Hilbert space. If / is a \i- 
integrable function, the integrals J f dE^^ = (ip\{f f dfj)<p) determine a well-defined operator 
with domain all of "H, even if j\f\ 2 dfi = oo, collapsing the domain (JTJ to {0}. Hence, the 
natural definition of an operator integral needs closer mathematical examination. 

A different definition has been used in [HE]; we call this the strong operator integral. As we 
will see, even this choice is not the largest reasonable, and we will also define weak operator 



f dE) (p 



< 



\f(x)\ 2 dE 
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integrals which have still larger domains than the strong one. These are more operationally 
motivated, as they are constructed from the scalar measures X h-> (ip\E(X)(p) . 

The structure of the paper is as follows. We begin by considering strong operator integrals in 
the setting of general Banach spaces. When specializing to Hilbert spaces and positive operator 
measures, the role of the square integrability domain is explained. Subsequently, we proceed 
to introduce weak operator integrals, and investigate their connection to operators defined via 
quadratic forms. A physically motivated example concludes the paper. 

2. PRELIMINARIES AND NOTATIONS 

We begin with a fairly general setting: let E and F be Banach spaces and L(E, F) the space 
of bounded linear operators T : E — >■ F. (We use complex scalars as our main applications 
deal with complex Hilbert spaces.) Consider a measurable space (Q,A) (where by definition 
A is a a-algebra of subsets of fl). A map M : A — > L(E,F) is called an operator measure 
if it is strong operator (or briefly, strongly) a-additive. This means that for each x G E the 
map X i — y M X (X) := M(X)x is a vector measure, i.e. a-additive with respect to the norm in 
F. By the Orlicz-Pettis theorem it is equivalent to require that for any x G E and y' G F' 
(the topological dual of F), the function X i— > Myi >x (X) := (y', M(X)x) on A is a complex 
measure. The following definition agrees with the usage in j3]. (We only integrate A- measurable 
functions, though this restriction could be relaxed somewhat, see e.g. |20].) 

Definition 1. Let \i : A — > F be a vector measure and / : Q — > C an A- measurable function. 
The function / is ^,-integrable if there is a sequence (f n ) of simple functions converging to / 
pointwise and such that lim^oo j x f n d\i exists for all X G A. Then j n fdfi := lim n _^ 00 L f n d\x 
is called the integral of f with respect to fi. 

Remark 1. It turns out to be equivalent to the above definition to require that / is integrable 
with respect to the complex measure \x y i := y' o fi for every y' G F' and for each lei one 
has v(X) G F (clearly unique) such that (y',u(X)) = f x fdfi y ' for all X G A, y' G F'. (See 
|10| . and |2U] for another proof.) If / is integrable with respect to every fi y i, it follows from 
the dominated convergence theorem and the uniform boundedness principle (as in e.g. [HI p. 
328]) that for each X G A there is some f{X) G F" satisfying (y',i/(X)) = J x f dfi y r for each 
y' G F', and so in case F is reflexive, we can conclude that / is actually /i-integrable. We use 
this observation especially when F is a Hilbert space. 

Let H be a (complex) Hilbert space, and let £("H) denote the space of bounded operators 
on H. We do not have to assume that % is separable, except in some examples where this is 
clearly indicated. The identity operator of "H is denoted by 1-u or simply by J. For ip,ip G "H, we 
use the symbol (ip\ to denote the rank one operator r\ i— > (ip | rj) ift. For a (linear) operator 
A in we let Dom(A) denote the domain of A, i.e. the (linear) subspace of "H on which A 
is defined. As before, (Q,A) is a measurable space. We let B (Q) denote the Borel er-algebra 
of any topological space Q. We follow the convention N = {0,1,2,...}, and let \ x be the 
characteristic function of the set X G A. 

Definition 2. Let E : A — > £("H) be a function. 

(a) E is a positive operator (valued) measure, or POVM for short, if E is an operator measure 
and E(X) > for all X G A. 

(b) A POVM E is normalized if E(fi) = /. 

(c) A projection valued POVM (PVM for short) which is normalized is a spectral measure. 

For a POVM E : A — > £(H) and tp,(p G %, we let E^, iV , denote the complex measure X \— > 
(ip | E(X)ip) and E v denote the "H-valued vector measure X h> E(X)(p. 
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Naimark's dilation theorem (see e.g. [16]) states that, for any POVM E : A — > there 
exists another Hilbert space /C, a spectral measure F : A — > £(/C), and a bounded linear map 
V : % —> fC, such that E(X) = V*E(X)V for all X £ A. If the set of the linear combinations 
of vectors E(X)V<p, X £ A, y? £ H, is dense in /C, then the Naimark dilation (/C, F, V) is said 
to be minimal. Note that E is normalized if and only if V is an isometry, i.e. V*V = I. In that 
case, % can be identified with the range of V, a subspace of /C. 

We already discussed integration with respect to a vector measure. Since an operator measure 
usually fails to be norm er-additive, integration with respect to operator measures needs a 
different approach. For a bounded measurable function / : — > C, integration with respect 
to a POVM is, however, quite elementary (see e.g. [2]). One starts by setting J fdE : = 
Y,n=Q c nE{X n ) for / = Y^l=o c nX Xn , c n € C, X n D X rn = 0, m^nG N. The extension from 
these simple functions to bounded ^.-measurable functions / : Q — > C requires the convergence 
of the integrals of simple functions forming a uniformly convergent sequence. Ultimately this 
depends on the fact that the range of any POVM is norm bounded, and the resulting integral 
defines a bounded operator. 

The following lemma is straightforward to prove by using the usual approximation techniques 
appearing in the construction of the integral. 

Lemma 1. Let (/C, F, V) be a Naimark dilation of E. Then for every bounded A-measurable 
function f : tt ^ C, we have J fdE = V* (J fdE) V. 

For unbounded functions, even defining a domain for the operator valued integral needs 
attention. We study this question next. 

3. Strong operator integrals 

Let (Q, A) be a measurable space. We first consider general Banach spaces E and F. 

Definition 3. Let M : A — > L(E, F) be an operator measure and / : — > C an ^-measurable 
function. We let D(f,M) denote the subset of E consisting of those x £ E for which / is 
integrable with respect to the vector measure X h-> M x (X) = M(X)x. If x £ D(f,M), we 
denote by L(f, M)x the integral J n fdM x . 

Proposition 1. If f : Q — > C is an A-measurable function, the set D(f,M), the domain of 
L(f,M), is a vector subspace of E, and L(f,M) : D(f,M) — >■ F is a linear map. 

Proof. See e.g. (50], Corollary 3.7. □ 

The following proposition is an immediate consequence of Remark [TJ 

Proposition 2. Assume that the Banach space F is reflexive. For x £ E the following condi- 
tions are equivalent: 

(i) x eD(f, M); 

(ii) / is M y i yX integrable for a all y' £ F' . 

We mainly apply the above results in the case where F = H, a Hilbert space. 

Definition 4. We say that a vector measure /i : A — > H is orthogonally scattered if 

(/x(X)\fx(Y))=0 

whenever the sets X, Y £ A are disjoint. 

Orthogonally scattered vector measures have a highly developed theory, see e.g. [T2]. A 
basic observation is that if \x : A — > % is an orthogonally scattered vector measure, by denoting 
\(X) = Xfj,(X) := ||/x(J s C) || 2 , we get a finite positive measure A on A. The following result is 
well known and we only give a brief indication of proof. 
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Proposition 3. Let ji : A — > "H be a an orthogonally scattered vector measure and A = A M the 
positive measure defined above. An ^.-measurable function / : — > C is /i-integrable if and 

I I 2 

only if \f\ 2 is A-integrable, in which case J n /d/J = J n |/| 2 ciA. 

Proof. In one direction, one may use the argument in the proof of Lemma A. 2 (b) in [5]. In the 
other direction a technique from the proof of Proposition H] below may be adapted. □ 

Remark 2. (a) It follows from the above proposition that if E is a Banach space and M : A — > 
LiE^H) is an operator measure such that for each x £ E the vector measure M x : A — > ~H 
is orthogonally scattered, then the domain D(f,M) of the strong operator integral L(f,M) 
consists of precisely those vectors x £ E for which \f\ 2 is integrable with respect to the measure 
X ^ ||M X .(A)|| 2 on A. 

(b) If E : A — > is a PVM, then for each tp £ T-L the vector measure E^ is orthogonally 
scattered and ||E V (A)|| 2 = (tp\E(X)tp) whenever X £ A. 

(c) Consider the Hilbert space £ 2 = £ 2 (N). Let A be the power set of N. Let g : N ->■ C be 
a bounded function and define M : A — > £(H) by the formula M(X)<p = gtpx x f° r an A £ A, 
<p £ I 2 . Then M satisfies the assumption in (a), so that D(f,M) consists of those ip £ I 2 for 
which fg<f> £ £ 2 . Note that M need not be a PVM, nor even a POVM. This example can be 
easily extended for more general measure spaces. 

We have seen (the well-known fact) that for a PVM E : A — > C(9i), a vector tp £ % belongs 
to D(f,E) if and only if \ f\ 2 is integrable with respect to the measure E v<p . More generally, 
for any POVM E : A -»■ C(H) we call the set D(f, E) := {(p £ H | \ f\ 2 is E^-integrable} 
the square integrability domain for the integral j n f dE. This makes sense, as it is known that 
D(f, E) is a linear subspace of % contained in D(f, E). In [S] this was given a direct elementary 
proof. The authors of [S] were unaware that this result essentially had already appeared in [18] , 
where the proof is based on Naimark's dilation theorem. (For completeness, we give a proof 
below reproducing the idea in [H].) The fact that D(f, E) is a linear subspace is implied by 
the following easy consequence of the Cauchy-Schwarz inequality. We state it explicitly as it 
will also have some later use. (The terminology will be recalled at the beginning of Section HI) 

Lemma 2. Let V be a vector space, and q : V x V — > C a positive sesquilinear form. Then 
q(cp + ip,(p + ip) < 2q(cp, <p) + 2q(tp, -0), (p,ip eV. 

Proposition 4. The vector valued integral J fdE v exists for each (p £ D(f, E). 

Proof. Let (/C, F, V) be a Naimark dilation of E and (f n ) a sequence of simple functions con- 
verging pointwise to / with \f n \ < \f\. Then the bounded operator J f n dE is defined for each 
n according to the definition in the preceding section. Fix tp £ D(f,E). Using Lemma [U and 
the multiplicativity of the spectral measure F, we have for each X £ A, that 



2 



2 



(f n -f m )dE v = V* {f n -f m )dFV<p <\\V*\\ 2 (f n -f m )dFV<p 

Jx Jx 

= ll^*l| 2 / \fn — fm\ 2 dEv<p,Vip — ||^*|| 2 / \fn — fm\ 2 dE ip>ip . 

Jx Jx 
Since \f\ 2 is integrable, it thus follows from the dominated convergence theorem that the se- 
quence (f x fndEp) of vectors is a Cauchy sequence, and thus converges. This proves the exis- 
tence of the integral J fdE v of / with respect to the vector valued measure E^. □ 

According to this result, we can define a linear operator 

L(f, E) : D(f, E) H, L(f, E)<p := j fdE v . 
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Since / is integrable with respect to each scalar measures E^ iV> , ip G "H, if is integrable with 
respect to (see e.g. |4]), it follows that (i[)\L(f, E)<p) = J fdE^ >ip for all (p G D(f, E), ijj G Ft. 



Summarizing, for a POVM E and a measurable function /, we have D(f, E) C D(f, E) and 



for the total variation |E^ )V | of E^ )¥ ,. 

In definition [3] we used the notation L(f,M) but did not give it a name. From now on, we 
call it the strong operator integral of / or the maximal strong operator integral of / with respect 
to the operator measure M. If D is a linear subspace of D(f, M), we may call the restriction of 
L(f, M) to D a strong operator integral. Thus for a POVM E, the operator L(f, E) is a strong 
operator integral. In this Hilbert space setting the key to our terminology is the possibility to 
use the whole of % as a "test space": for any (p in the appropriate domain, the integral of / 
with respect to E^^ for every ip G Ti exists. 

Example 1. Let A be an unbounded selfadjoint operator in H and E : <B(R) — > C(H) its spec- 
tral measure. Then A = L(f, E) and D(f, E) = {(p G % | / is E^ i¥ ,-integrable for all ip G % } 
where / : R — > R is the identity map. Since E^ tip (X) = E^^X), we may also observe that if 
ifj G Ti, then / is E v ^-integrable for all if in the dense subspace D(f, E) of tL. But this does 
not imply that D(f, E) = Ti. In particular, we see that in Proposition [2] it is not enough to 
assume the M y i ^-integrability of / for all y' in a dense subspace of F' . 

The above example may serve as a motivation for considering integration with respect to 
operator measures where the requirement for the test space described before the example is 
relaxed. This leads us to a host of possibilities for so-called weak operator integrals whose 
analysis will be our main concern in the sequel. 



Often in physical applications one is led to consider the scalar measures X E^ tip (X) = 
(ip\E(X)(p) related to a Hilbert operator measure E instead of the vector measures E v . In this 
section we set up a very general framework for this. For any vector spaces V\, V2, a map 
S : Vi x V2 — > C is said to be a sesquilinear form, or just sesquilinear, if it is linear in the 
second and antilinear (i.e. conjugate linear) in the first argument. Such an S is positive if 
Vi = V2 and S((p, (p) > for all <p G Vi. Then S satisfies S(ip, <p) = S(<p, ip) for all ip, (p G V\. 

Any vector space V may be regarded as a dense linear subspace of a Hilbert space "H: take 
U = i\ where K is a Hamel basis of V. In the context of sesquilinear forms there is, however, 
often a postulated way the vector space is embedded as a dense subspace of a Hilbert space. 
When this is the case, it is clear from the context so that, for example, there is a given norm 
and hence a topology on on V. 

Let V C H be a dense (linear) subspace of Ji and <S(V) the vector space of sesquilinear forms 
S : V x V — > C. Assume that E : A — > S{V) is a positive sesquilinear form valued measure, i.e. 

(a) E^ jV , : A — > C, X i— >■ E^ t(p (X) := [E(X)](ip, (p), is a complex measure for all ip, <p G V, 




L(f, E) C L(f, E) where 






4. Weak operator integrals 
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(b) E Vtip (X) > for all tp G V and X G A 

We refer the reader to [5], [6] for a detailed study of such measures. Note that any POVM 
E' : A — > C(H) defines a unique positive sesquilinear form valued measure E : A — > S(H) by 
setting [E(X)](tp , ip) := (ip\E'(X)tp) (thus, in the case of POVMs, we may put V = T-L below). 
We always identify E' with E and by an abuse of notation simply write E' = E. Throughout 
this section, / : A — > C is an ^-measurable function. 

4.1. Definition. We begin with the maximal set of pairs (i(),ip) f° r which J f dE^ tip makes 
sense: 

W{f, E) := {(V, ip) G V x V I / is E^-integrable}. 

Note that E^^(X) = E V ^(X) by positivity so that \E^ tV \ = (E^l and, hence, W(f, E) C V x V 
is symmetric, i.e. {ip,<p) G W(/, E) implies (ip,ip) G W(/, E). We then put 

(9) W,(/,E):={^V|a^6W(/,E)} 

for each tp G V. Since E at p 1+ ^ 2t<fi = aE$ utp + (3E^ 2jtp , a, (3 G C, ipi,ip2 G V, it follows that each 
W V3 (J, E) C V C H is a linear subspace, and the functional ^ t— > J fdE^ ^ is linear on that 
subspace. A similar argument shows that 

(10) VM/> E ) n W ^(/' E ) ^ Wow+faif, E ) 

for any </?i, <p 2 G V and a, f3 G C. 

We are now interested in (linear) operators T : Dom(T) — > % determined by these integrals 
through (ip\T(p) = J f dE^ t!f . Accordingly, such an operator should have the property that 
for each tp G Dom(T): (ip\T(p) = J f dE^ stp , where ip runs through some subset S v of W ¥ ,(/, E) 
which separates the points of % in the usual sense of self-duality of H. We make this separation 
requirement to always guarantee that the vector Tip is uniquely determined by the integrals 
J f dE^ jip via the inner products just mentioned. Note that here we really want to determine 
Tip, and the vector ip is just in an auxiliary roleQ Since each W ¥ ,(/, E) is a linear subspace, the 
necessarily dens^l linear span T> 9 of such a separating subset S v is also included in W ¥ ,(/, E), 
and by linearity, (xfj\Ttp) = J f dE^ )Lp for all G D^. Hence, we can take the separating subsets 
to be dense subspaces without restricting generality. 

The above requirements imply, in particular, that Dom(T) must be a subset of 

r(/, E) :={</? G V | W v (f, E) is dense in H}. 

The requirement of choosing the separating subspaces can now be formulated as follows: Let 
C(f, E) denote the family of maps 

$ : r(/, E) — > {T> C % | T> is a dense subspace}, 
E)for ah>Gr(/, E). 

Note that C(f, E) ^ 0, because an obvious choice is $(y?) = W v (f, E) for all <p G r(/, E). We 
can now state the definition of a weak operator integral. 

Definition 5. We say that a linear operator T : Dom(T) — > % is a weak operator integral of / 
with respect to E, if Dom(T) C r(/, E), and there exists a map $ G C(f, E), such that 

(11) (i(i\T<p) = J fdE^, for all <p G Dom(T), if, G $(<p). 

1 If we would be interested in sesquilinear forms rather than operators, then we should consider if; and tp in 
an equal footing. However, here we want to consider operator integrals, so the given requirement is clearly the 
most natural one. 

2 Note that the orthogonal complement of a separating subset S is "H, so S generates a dense subspace. 
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We then also say that the weak operator integral T is associated with the map $. For each 
$ G C(f, E), we let Cw(f, E, $) denote the set of weak operator integrals associated with $. 

Note that T(f, E) always contains at least the trivial subspace T>q = {0}, so for every choice 
of $ there corresponds at least a trivial weak operator integral. 

The choice of the function $ is crucial; different choices may correspond to different operators 
T, because on the one hand, dense subspaces can even have trivial intersection, see Section O 
for an example, and on the other hand, different choices can lead to the same operator. In 
particular, we have the following result. 

Proposition 5. Let E : A — > be a POVM. Each strong operator integral is also a weak 

operator integral associated with every $ G C(f, E). 

Proof. According to ([7]), the domain of the maximal strong operator integral is given by 

D(f, E) = { v eH\ E) = H}, 

so D(f, E) C E). Given any $ G C(f, E), equation ([II]) holds because of ©. □ 
Now, given a map $ G C(f, E), we set 

T c (/, E, $) := jy? G r(/, E) $0) 9 V ^ J fdE^ is continuous j , 

and use the Frechet-Riesz theorem to define a unique map 

G(f, E, $) : T c (/, E, $) H, (i>\G(f, E, $V) = / fdE^ for all ^ G $(y?). 



Clearly, the domain of any weak operator integral associated with the map $ is included in 
T c (/, E, $). This observation immediately gives the following characterization. 

Proposition 6. Fix a $ G C(f, E). Given any subspace Vq of %, which is included in 
T c (f, E, $), i/ie restriction G(f, E, $)|d is a it;ea£; operator integral (with domain T>q) asso- 
ciated to $. Conversely, every element of £w{f\ E, $) zs obtained this way. 

Since the intersection of two dense subspaces does not have to be dense (it can even be {0}), 
it is clear that E), and therefore also r c (/, E, $) are not themselves linear subspaces, in 
general. Hence, there is no canonical choice for a maximal weak operator integral associated 
with a given map $. However, it follows immediately from the above proposition that given two 
operators T, T', such that T'CT (that is, Dom(T') C Dom(T) and T'tp = Tip, tp G Dom(T')), 
and T G £w(f, E, $), it follows that T' G £w(f, E, $). In particular, the (nonempty) set 
Cw{f, E, $) is partially ordered via the usual operator ordering, or, equivalently, the inclusion 
of domains. Moreover, every (nonempty) totally ordered subset of Cw{f, E, $) has an upper 
bound in £w{f\ E, $) (the upper bound is obtained by taking the union of the domains of the 
operators in the chain). Hence, by Zorn's lemma, there exists at least one maximal element in 
Cw{f, E, $). We call such an element a maximal weak operator integral associated to $. 

Example 2. For a POVM E and a bounded function /, we have r c (/, E, $) = T-L regardless of 
the choice of $, so every weak operator integral is a restriction of the bounded operator j fdE 
to some subspace. 

Example 3. Let E(X) := fi(X)I, where /i is a probability measure, and let / be a /x-integrable 
function. Then W(/, E) = % X H, and r c (/, E, $) = "H, regardless of the choice of $, so that 
weak operator integrals are simply restrictions of tp H- (j f dfi)(p to some subspaces of "H. If 
/ is not /i-integrable, then W(/, E) = {{i/>,(p) G % x H \ = 0}, and W<p{f, E) is the 

orthogonal complement of {</?}. This is dense only for <p = 0, so T(f, E) = {0}. Hence, there 
exists only one weak operator integral, which is the zero operator defined on {0}. 
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4.2. Weak operator integrals determined by a fixed separating subspace. We now 

look at the class Cw{fi E, $) with particular choices of $. The canonical choice would be to 
take, for each ip £ r(/, E), the separating subspace to be the maximal one, i.e. = W v (f, E) 
for each ip. However, in practice, it often happens that a fixed dense subspace (of e.g. smooth 
functions) is fixed. For example, this can be a linear space spanned by some physically relevant 
orthonormal basis of % (e.g. the photon number basis of a single mode optical field). 

Accordingly, we now investigate the case where a fixed dense subspace T> s is given (s stands for 
separating). For <p £ T(f, E) we define $ V .{<P) = V s if V s C >%,(/, E) and $ Va (<p) = W v (f, E) 
otherwise. Then we have 

Proposition 7. The set 

Dv.if, E):= {^HD S C^(/,E),D S 9^4 J fdE^ £ C is continuous} 

is the domain of a (clearly unique) element Lu g (f, E) £ £w(f, E, <&v s )- In the case where E is 
a POVM, this operator is an extension of the maximal strong operator integral L(f, E). 

Proof. Clearly, D Vs (f,E) = {ip £ T c (f,E,^ Va )\V s C W„(/,E)}; in particular, A>,(/, E) is a 
subset of r c (/, E, We have to show that it is a linear space. Let </?i, y? 2 £ Dv s {f, E), and 

a, /? £ C. Now £> s C E)nW^(/, E) C W aVl +^ 2 {f, E) (see in particular, the latter 

is dense, so atp\ + (3<p2 £ r(/, E), and $(a<£>i + /J^) = ^s- Since ip t-^- J fdE^ >ipi is continuous on 
£> s for i = l,2, then / /dE 

ip,aipi+/3tp2 * s continuous on Hence, a<y9i + /3y92 £ T c (/, E, $x> s ). 
We have shown that Dv s {f, E) is a linear space. By Proposition |6l the restriction of G(f, E, $d s ) 
to Dx>Xfi E) is an element of C\y(f, E, $d s ). It remains to prove that in the case where E is a 
POVM, the domain of the maximal strong operator integral is included in Dx> s {f, E). But this 
is clear because for ip £ D(f, E), we have T> s C % = W ¥ ,(/, E), regardless of T> s . □ 

Since E) C Lx> s (f, E) for any POVM E, one can ask when these two operators are the 
same. Since \\r]\\ = sup{ | (-0 1?7) | | ip £ V s , < 1} (as V s is dense), the following result is a 
direct consequence of |20| Theorem 3.5] (see also |T0j). 

Proposition 8. Suppose E is a POVM, and let T> s C % be a dense subspace. Then L(f, E) = 
L-p s (f, E) if and only if for each (p £ Dx> s (f, E), we have 



lim sup / |/|d|E^ i¥ ,| = 



>rpev s ,\\ip\\<iJx n 

whenever the sets X n £ A satisfy X n+ \ C X n , n £ N, and r\ n X n = 0. 

4.3. Symmetric weak operator integrals. Since the integrals J fdE^ >ip are symmetric in 

the sense that (i/j, cp) £ W(/, E) implies (f,ip) £ W(/, E), and J fdE^ >ip = f fdE^, it is 
natural to ask when a weak operator integral is a symmetric operator. We will not look at the 
most general case, but concentrate on the elements of £w{f, E, $d s ), with the fixed separating 
subspace T> s C V. Since continuity properties of the integral J fdE^ tip with respect to the 
vectors tp,ip are rather weak (even in the case where E is POVM), knowing that 



\Lv s (f, E)cp) = J fdE^ )V = J fdEyj 



for all ip £ V s , ip £ Dx> s {f,E), is not obviously enough to connect this to the case where 
tp £ T> s and ip £ Dz> s (f, E). Therefore, we now assume that the dense subspace D s satisfies the 
equivalent conditions of the following trivial lemma. 

Lemma 3. Let T> s C V be a subspace. Then T> s C {tp £ % \ T> s C W ¥ ,(/, E)} if and only if 
V s xV s CW(f, E). 
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Proposition 9. Suppose that T> s C V is a dense subspace satisfying T> s x T> s C W(/, E). We 
define a (clearly unique) operator L' Vs (f, E) whose domain and action are given by 

D' Vs (f, E) := | tp G T> s V s 3 tp \-> J f dE^ >ip G C is continuous^, 

&\L' V3 {f, E)tp) = J fdE^, G P„ ^ G D' Vs (f, E). 

Then L' v (/, E) C Lu s (f, E). In particular, L' v (f, E) is a weak operator integral, with L' v (f, E) G 
£w(f,E,<f>z> s ). Moreover, if f is real-valued, then L' v (f, E) is a symmetric operator. 

Proof. It is clear that L' v (/, E) is a well-defined operator on the given domain D' Vs (f,E). 
(Note that the condition D s xD s C W(/, E) ensures that the integral is defined.) We now show 
that D' Vs (f,E) C D Vs (f,E), which by Proposition implies that L' Vs (f, E) G £ w (/, E, <&z>J 
and L' v (/, E) C Lx> s (f,E). Accordingly, let </? G D' Vs (f,E). In particular, G P s . Since 
1} s x D s (1 W(f, E), we have £> s C W V3 (J, E). But ip t-^ J f dE^, tlf> is continuous on £> s , so 
G Dx>Xfi E). It remains to show that L' v (f, E) is symmetric if / is real- valued. For that, let 
ij),(p £ D' v (/, E). Then both of them are also in X> s . Hence, 



EV) = JfdE^ = j fdE^ = (v\L' Vs {f, E)i;} = (L' Vs (f,E)^}. 



□ 



We call an operator L' v (f, E) symmetric weak operator integral determined by T> s . (Even in 
the case where / is not real valued.) 

Example 4. Suppose that Ji is separable, let {<p n } n £N be an orthonormal basis of Ti, and put 
V := lin{y? n | n G N}, and E : A — > S(V) a positive sesquilinear form measure. Let / : A — > C 
be such that 



(12) £ | / fdE^J 2 < oo for all m G N. 



nSN 

In particular, J fdE Vnttpm exists for all n, m G N, that is, (cp n ,cp m ) G W(/, E) for each n. By 
sesquilinearity, it follows that (-0, </?) G W(/, E) for all ^, </? G V, i.e. W(/, E) = V x V. Hence, 
V itself satisfies the conditions of Proposition [91 and we have the symmetric weak operator 
integral L' v (f, E). It now follows from (lT2"j) that for each m G N, 

/ /dE^ m = ^(?%n> / /dE^ m G C 

J neTV J 

is continuous. Since each ip G V is a (finite) linear combination of the vectors </? m , the continuity 
holds for each p G V. Hence, the domain of the symmetric weak operator integral L' v (f, E) is 
the whole of V, and its action is determined by 

L' v (f, E)y m = / fdE 

neTV ^ ' 

Of course, an operator defined via this same formula may have a larger domain; for example, if 

(X), n,m G N, X G A, 

where 5 nm is the Kronecker delta and {fi n } is a sequenced of bounded positive measures on 
A C 2 n then J fdE Vn)V>m = S nm f m , where / m := J fdfi m , and the largest possible domain of an 
extension of the weak operator integral L' v (f, E) is {p G W\ Yl m \ fm(^Pm\ L P) | 2 < °°}- Note that 



Obviously, E defines a POVM if and only if sup„ 6N /i n (0) < oo. 
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this extension is bounded if and only if sup mgN \f m \ < oo. However, the extension is not a weak 
operator integral, because its domain is larger than the form domain V of the sesquilinear form 
valued measure E. 

We immediately notice the following 

Proposition 10. Suppose E is a POVM, and the strong operator integral L(f, E) is densely 
defined. Set V s = D(f,E). Then L(f,E) = L' Vs (f,E), i.e. the strong operator integral is the 
symmetric weak operator integral determined by its domain. 

Proof. If if E V s then J fdE^ tV exists for all ip E H, so V s x V s C U x V s C W(/, E). Hence, 
L' v (f, E) is defined. Moreover, if ip E T> s then ip H- J fdE^ jip is continuous on the whole TL, 
and hence also on the subspace T> s . Thus T> s C D' v (/, E) C X> s , and the proof is complete. □ 

Hence, the domain of the strong operator integral, when dense, is one choice for a separating 
subspace T> s of a weak operator integral when E is a POVM. It it easy to see that even in the 
general case there is a maximal choice for this subspace, which can be explicitly written down: 

Proposition 11. The set 

V F (f, E) := {v^h\J \f\dE^ < oo j = {<p eH \<p e W v (f, E)} 

is the largest subspace T> C % such that T> x T> C W(/, E) (%i i/ie sense ^/iat any subspace T> 
with this property, is included in T>p(f, E) ). 

Proof. The fact that the set T>p(f, E) is a linear subspace of % follows immediately from Lemma 
[2J Next we note that given tp,ip E7i, the measure E^ jip is a linear combination of four measures 
of the form E^h^^k^ k = 0,1,2,3. If E W(/, E) and (tp,tp) E W(/, E) then / 

is integrable with respect to each of the four measures, since T>p(f, E) is a linear subspace. 
Hence, / is also integrable with respect to E^ jip , that is, (-0, if) E W(/, E). Thus, T>p(f,E) x 
^f(/, E) C W(/, E). On the other hand, if V C is any subspace with V xV C W(f, E), 
then e W(/, E) for all y> e X>, so that D C V F (f, E). Thus, E) is the largest of 

such subspaces T>. □ 

Assuming that T>p(f, E) is dense, we denote 

L'(f,E) :=L' VFim (f,E), 

and call this the largest symmetric weak operator integral determined by / and E. All other sym- 
metric operator integrals are restrictions of this one. In particular, if E is a POVM, Proposition 
[Till gives 

L(f, E)CL'(/, E). 

Note that this inclusion holds even in the case where L(f, E) is not dense (which can easily 
happen even if T>p(f, E) is dense), because if j fdE^ sip exists for all ip then J \ f\dE LPtLp < oo. 
The following result deals with the case of spectral measures. 

Proposition 12. Suppose that E is projection valued. Then 

L(f, E)=L(/, E) =//(/, E). 

Proof. Since L(f, E) = L(f, E) is densely defined (the usual spectral integral), the weak operator 
integral L'(f,E) exists, and is an extension of L(f,E). Hence, we only need to show that 
Dom(L'(/, E)) C D(f, E). Define g : Q C by g = y/\f\, and h : Q ->• C by setting 
/z(a;) = /(x)/(|/(a;)|) if /(a;) 7^ 0, and /i(x) = otherwise. Then h and g are measurable, h is 
bounded, g > 0, and / = g 2 /i. Now 

(13) L(</, E)*L(gh, E) C E) = L(f, E), 
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by the usual rules of spectral calculus of unbounded functions. Now 

V F (f, E) = {peU\ J |/| dEw < 00} = Dom(L(<7, E)) = Tk>m{L{gh, E)). 

According to what has been concluded earlier by using polarization, / is E^-integrable when- 
ever both ip and <p belong to T> F (f, E). Since E is a spectral measure, we have 

J fdE^ tV = J g{gh) dE$ )V = (L(g, E)ip\L(gh, E)<p), tp, ip G V F (f, E). 

Indeed, if g is bounded, then this follows from the multiplicativity of the spectral measure, 
and in the general case, we approximate g with the sequence (g n ), where g n (x) = g(x) if 
g(x) < n, and g n (x) = otherwise, and conclude that on the one hand, L(g n h, E)tp — > L(gh, E), 
L(g n , E)(p — > L(g, E) strongly, and on the other hand, J g 2 hdE^ t!p — > J g 2 hdE % p ip by dominated 
convergence (since |/| = g 2 is E^ )V -integrable). 

Now if ip G Dom(L'(/, E)) then by definition, ip 1— >• J fdE^^ is continuous in T> F (f,E) = 
Dom(L(g, E)). By the formula obtained, this implies that L(gh, E)ip belongs to Dom(L(g, E)*), 
i.e. ip G Dom(L(g, E)*L(gh, E), so (p G Dom(L(/, E)). The proof is complete. □ 



5. Sesquilinear form valued integral 

5.1. The sesquilinear form valued integral of a sesquilinear form valued measure 
and a measurable function. Since E is a sesquilinear form valued measure, it is natural to 
consider the sesquilinear form valued integral of a measurable function with respect to E. In 
this section, we first define this integral, and then consider its connection to weak operator 
integrals. 

We start by defining a function 



F f)E : W(/, E) C, (ip, ip) ^ F fiE (ip, <p) = 




This function satisfies e.g. (aipi + (3ip2, V 9 ) £ VV(/, E) and Ff^aifji + (Hipi, (p) = aFf^iipi^ip) + 
/3F ftE (ip 2 ,ip), for any tp), (tp 2 , <p) G W(/, E). In addition, (ip, ip) G W(/, E) if and only if 
M)eW(f, E), and 

(14) Ff^M=Fj,EM), (^)6W(/>E). 

In order to consider F/ e as a sesquilinear form, we have to restrict its domain of definition to a 
set of the form DxDC W(/, E), where X> C V is a subspace. (Clearly, any such restriction is 
sesquilinear.) According to Proposition ITTj there is a canonical choice for T>, namely the largest 
one T>p(f, E). We denote the restriction of Ff E to T>p(f, E) by the same symbol. We say that 

F fiE : V F (f, E) x V F (f, E) -> C 

is t/ie form integral of f with respect to E. The subspace T> F (f, E) is the form domain. 

It follows from (|l4p that Ff )E is symmetric if / is real valued. It is clearly positive if / is a 
positive function. 

Remark 3. The form domain should not be confused with the square integrability domain, 
which is the form domain of the form integral of |/| 2 with respect to E. In the case of f(x) = x 
on M, the latter is called variance form; see Introduction. 

In order to consider the connection between the (unique) form integral of / with respect to E, 
and the various weak operator integrals, we need some preliminaries on the standard extension 
theory of quadratic forms. 
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5.2. Preliminaries on quadratic forms. We start with some basic preliminaries on the 
theory of quadratic forms (see e.g. [T3| [7]). A quadratic form is a sesquilinear form g:Dx'D-)> 
C, where T> C "H is a dense subspace, called the form domain. If q(ip,tp) = q(ip,?p), for all 
ij),<fi eP, then g is called symmetric, and if g((/), </?) > for all ip G V, it is called positive. 
The adjoint form q* of g is defined on the same domain D, via 

Inclusion q' C g between two quadratic forms is defined via the corresponding inclusion of the 
form domains. A linear combination of two quadratic forms is defined in the obvious way, with 
the domain being the intersection of the form domains. In particular, the real and imaginary 
parts of a quadratic form q are defined by 

9fy : =^(<? + 9*), ■= ?*)• 

A positive quadratic form g : X> x Z> — > C is said to be closed if <£> n G X>, <£> n — >• <p G "H, and 

lim g(y2 n - y? m , <£ n - <£>m) = 

n,m— >oo 

imply ip G X> and 

lim g(y? n - y? n - <p) = 0. 

71— >OC 

It follows that g is closed if and only if 3ftg is closed (see p. 313]. 

There is a canonical way of associating a positive selfadjoint operator to a positive closed 
quadratic form. It is given by the following theorem (see [HE]). 

Theorem 1. Let q be a closed symmetric positive quadratic form with dense form domain T>. 
Then there exists a positive selfadjoint operator T such that Dom(\/T) = D, and 

q(ip,ip) — (vTtf\vT(p), for all %j) , <p G V . 

We say that T given by the above theorem is the operator associated to the quadratic form q. 
We will make use of the following simple corollary; it also shows that T is uniquely determined, 
hence the definite article. 

Proposition 13. Let q be a closed symmetric positive quadratic form with dense form domain 
DCH and T a positive positive selfadjoint operator associated to it as in Theorem^ Then 

Dom(T) = {ipET>\T>3ipi-^ q(ip, ip) G C is continuous }, 
(15) q(i/>,(p) = (if>\T(p), for all ip G V,ip G Dom(T). 

If there is a Hilbert space JC, and an operator A : T> — > K,, such that 

Q^if) = (#l^>> for allip,ip eV, 

then A* A = T. 

Proof. If A is as in the lemma, we have, by the definition of the adjoint, that 
Dom(A*A) = {ip G V | Aip G Dom(A*)} 

= {ip£V\V3ip*-^- (Aip\Aip) G C is continuous } 
= {ipET>\T>3il)^r q(ip, ip) G C is continuous }. 

In particular, this holds for /C = H and A = y/T, which gives (|T5|) . because T 
follows that Dom(A* A) = Dom(T), and if ip G Dom(T), ip G T>, we have 

{ij>\A*A<p) = {A^\A V ) = qty,tp) = ty\T<p). 

As T> is dense, this implies that A* A = T. 
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Remark 4. Note that it is nontrivial that the domain of A* A in the above proposition is 
actually dense. This fact follows from the above theorem. Note also that the operator A is 
automatically closed, because the form q was assumed to be closed. A special case of this 
result is the well-known theorem of von Neumann (see e.g. [T4l p. 180]), which says that A* A 
is selfadjoint if A is a closed densely defined operator. 

5.3. Connection between form integral and weak operator integral. In the case where 
Dp{f, E) is dense, the sesquilinear form Ff^ is a quadratic form. In general, the adjoint form 
is given by 

FfM *0 = / 7 dE ^ ^ G E). 

Moreover, 

»(F/,e) C F m) ,E, 9f(F />E ) C F 9(/))E , 

where 3?(/) and $s(f) are the real and imaginary parts of the function /, respectively. We can 
further decompose these into positive and negative parts, so that 

/ = /l-/2 + «(/3-/4), 

/i>o, i»(/)i = /i+/2, mf)\ = h + u 

Then clearly Dp{f, E) = r\f =1 Dp[fi, E), so the form integral decomposes naturally as the linear 
combination of the corresponding positive forms: 

Ff,E = Ffi,E - F f2jE + z'F/ 3;E - iFf 4 £. 

Unfortunately, the situation is not so simple in case of the weak operator integrals. However, 
the following result holds: 

Proposition 14. Suppose that Dp{f, E) is dense. Then 

L'tf, E) D L'tf x , E) - L'(/ 2 , E) + iL\h, E) - iL'(/ 4 , E) G £ w (f, E, $„J, 

where D s = T>p(f, E), and i/ie inclusion can be interpreted as the ordering relation in the class 
C\y{f, E, $x>J 0/ weak operator integrals. 

Proof. First note that since T>p{f, E) is dense, so is each Dpi.fi, E); hence, the weak operator 
integrals L'(/j, E) are defined. Denote A := L'(/i, E) - L'(/ 2j E) + iL'(/ 3 , E) - iL'(/ 4 , E). By 
definition, 

Dom(A) = nt 1 Dom(L'(/ i ,E)), 

so that Dom(y4) C Dp{f,E). If ^ 6 Dom(A), each functional if) f fidE^ iip is continuous 
on Dp(f, E) = r\f = iDp(fi, E), and coincides with ^ i— >■ (if)\L ; {fi, E)(p) there. This implies that 
if E Dom(L'(/, E)). Hence, A C L'(/,E). Since L'(/, E) G E, $ Vt ), it follows from 

Proposition |6] that also A G £w(f, E, $x>J- This completes the proof. □ 

We now consider the relationship between Ff^ and !/(/, E) in the case of a positive function 
/, and a POVM E. 

Proposition 15. Let E be a POVM and f : Q — > C a positive measurable function, such 
that Dp(f, E) is dense. Then the quadratic form Ff^ is symmetric, positive and closed. The 
associated positive selfadjoint operator T (see Theorem^), is given by 

T=(L( v / 7, W*L(V7, m 
where (/C, F, V) is any Naimark dilation of E. Moreover, 

T = L'{f, E), 

i.e., T is the largest symmetric weak operator integral determined by f and E. In particular, 
L'(f, E) is selfadjoint. 
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Proof. Clearly, Ff^ip, p) > for all p G -F/,e- Let (/C, F, 1/) be a Naimark dilation of E, so that 
E(X) = V*F(X)i^ and F is projection valued. Now 



V F (f, E) = {<peU\V<peD(^/f,F)}, 

(16) F ftE (<p, p) = ||L( V?, F)^f , for all </? G E). 

Now if p n G E), such that tp n ->> p G TL, and lim^™-^ F f:E (tp n - (p m ,fn - t Pm) = 0, it 

follows that Vp n —> Vp, and (L(i/7, F)Vp n ) n converges in /C. Since F is projection valued, 
L(y/f, F) is a closed operator on its domain, so Vp G D(y/f, F), and lim^oo L(y/f, F)Vp n = 
L(y/J,F)Vp. But this implies that p G V F (f,E), and lim^oo ^/^(^n — <p, p n — <p) = 0. 
Hence the form Ff^ is closed. From f fl6|) it now follows by polarization and Proposition [13] 
that (L(y/J, F)V)*L(y/f, F)V is the selfadjoint operator associated to the form -F/,e- From 
Proposition [T3"| we immediately see that T = !/(/, E). This completes the proof. □ 

Remark 5. Notice that in the above proposition, V*L(f, F)V CT = £'(/, E), because 

(17) V*L(y/f,f)C(L(y/f,F)V)*. 



From ([6]), we know that V*L(f, F)V = L(f, E). Hence, in this case, the difference between the 
strong operator integral on the square integrability domain and the maximal symmetric weak 
operator integral, is in the operator inclusion ([IT]) , which can be proper because continuity of 
the functional ip i— > (L(y/f, F)ip\p) on V(H) D Dom(L(y/f, F)) does not necessarily imply its 
continuity on the full domain Dom(L(i/7, F)). 

6. Application: moment operators of a POVM 



Consider the operator valued moments (or moment operators) of a normalized POVM E : 
B(R) — > C(H). They are simply defined as operator integrals J x k dE of real functions x H- x k 
where k G N0 Hence, we have three natural ways to defined them: E[k] := L(x fc , E), E[&] := 
L(x k , E), and E'[fc] := L'(x k , E). Recall that E[k] C E[fc] C E'[fc] and their domains are 

Dom(E[Jfe]) = {pen Jx 2k dE^(x) < cx)}, 
Dom(E[fc]) = |<^G^ y |x| fe d|E^, iV ,| < oo for all ip G 

Dom(E'[A;]) = j</? G V F (x k , E) T> F (x k , E) 3 ip ^ J x k dE^ tip G C is continuous j 

if V F (x k , E) = G H y (x^cE^ < ooj is dense in %. 

By comparison, the sesquilinear form valued moments are given by the form integral 

F*,eU>, <p) = J x k dE^^ ip,p>e V F (x k , E). 

Since Dom(E[A;]) = V F (x 2k , E), we can define the variance form on this form domain as 

{ip,tp) 3 F x M !E {ip,cp) - {E[k)ip\E[k]p>}. 
If this form is identically zero, the POVM is called variance-free |19| . 



Let (/C, F, V) be a Naimark dilation of E. From Proposition IT21 one sees that F[k] = F[ 
F'[k] for any fceN. Moreover, Dom(F[/c]V A ) = Dom(E[/c]) and 

(18) E[fc] = V*F[k]V. 



For simplicity, we will use the symbol x k to denote the function x i— > x k 
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(This was also proved in [5].) If k is even, i.e. k = 2j, j G N, and T>p[x 2 \ E) = Dom(E[j]) is 
dense (which is assumed below), then it follows from Proposition [T51 that 

(19) E'py] = mvymv) 

is positive and selfadjoint. Now Dom(E'[2j]) consists of exactly those vectors ip G Dom(E[j]) 
for which F\j]V<p G Dom ((F[j]V)*). Note that F[j]V is a map Dom(E[j]) — > /C, so the adjoint 
(F[j]V)* maps from a subspace of /C to "H. It is clear that 

(20) V*F[j] C (F[j]V)* 

because if ip G Dom(F[j]), then ip i— >■ (<^| F[j]\^^) = (y*F[j]<^|?/>) is continuous in Dom(F[j]V^). 

Proposition 16. (a) Suppose that V*F\j] = (F\j]V)*. Then E[2j] = E'[2j]. 
(b) Suppose that F\j] ( Dom(F[j]) n C 1/(H). T/ien E'[2j] = E[j]*E[j]. 

Proof. We have already proved (a); see ffl8|) . ffT9|) . and use F[2j] = F[j]F[j]. To prove (b), 
note that the assumption implies F[j]V^ = V A V A *F[j]V A = VEfj]. Now a vector ip G M. satisfies 
Vip G Dom ((^/E[j])*) if and only if ip h- > (VE[j]ip\Vip) = (E\j]ip\(p) is continuous on Dom(E[j']), 
which happens exactly when ip G Dom(E[j]*). Hence, (F[7']V)*V = (VE[7'])*V = E[j]* and 
E'[2j] = (F[j]Vy(F\j}V) = (VE[j]y(VE[j}) = {(VE[j]yv}~E[j] = E[j]*E[j}. ' □ 

6.1. Momentum for a bounded interval. Consider first a free (nonrelativistic) particle of 
mass m moving along a line which can be chosen to be M. without restricting generality. We 
use units where h = 1. Then the Hilbert space of the system is L 2 (M) and the (sharp) position 
observable is Q R : B(R) -> C(L 2 (R)), 

(Q u (X)iP)(x) := x x (x)iP(x), XeB(R),iPe L 2 (R), xeR. 

The (sharp) momentum observable is Pk : B(R) — > £(L 2 (R)) 

P R (Y) :=F*Q R (Y)F, YeB(R), 
where X" : L 2 (K) — > L 2 (R) is the Fourier-Plan cherel (unitary) operator determined by 

(X^)(x) = _L f e ~ ixt ip{t) dt, ip G L X (R) n L 2 (R), x G R. 

v27T J-R 

Since Qr and P^ are spectral measures, there is no ambiguity in defining their moment oper- 
ators, see Proposition [T2J For example, Qr[1] and Pr[1] are the usual selfadjoint position and 
momentum operators, 

(Qr[1]^)(x) = x*l>{x), (Pr[1]^)(x) = -iiP'(x) 

where ip'(x) := dip(x)/dx (and similarly ip"(x) := d 2 ip(x)/dx 2 ). Recall that, e.g., Dom(P]R[l]) 
consists of those absolutely continuous functions ip G L 2 (IR) for which ip' G L 2 (M). Now the 
energy operator is (2m) _1 PiR[l] 2 = (2m) _1 P]R[2] whose spectrum is continuous, consisting of 
nonnegative numbers. 

Suppose then that the particle is confined to move on a (fixed) bounded interval taken to 
be X = [0, £} where I > is the length of the interval. Note that we do not assume that the 
endpoints and i can be identified so that the system is not periodic with periodic boundary 
conditions (indeed, in the periodic case, the position space is a circle instead of an interval). 

Since the particle is strictly confined to the interval X, the Hilbert space of the system is L 2 {X) 
and the position observable is now the (restricted) spectral measure Q : B(R) — > £(L 2 (X)), 

(Q(A»(z) : = xMMx), X G B (R) , ip G L 2 (X), x G X. 
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Indeed, let U : L 2 (X) — > L 2 (R) be the isometry (Uif)(x) = (p(x) for x G X, and (Uif)(x) = 0, 
x <£ X. Then U* : L 2 (IR) -> L 2 (X) simply acts as (U*ip)(x) = ip(x), x el, and 

Q(X) = U*Q R (X)U, XeB(R). 

Again, there is no ambiguity in calculating the moments of Q. However, the situation is totally 
different for the momentum POVM P : B (R) — > £(L 2 (X)) which is defined similarly to Q: 

P(Y) := U*P R (Y)U, FeB(l). 

Note that (L 2 (1R), P R , U) is a Naimark dilation of P. 

The following questions now arise: What is the correct definition for the second moment 
operator of P? Is the second moment of P (times (2m)~ 1 ) the energy operator in this case? 

The operators Pr[1]?7, (Pr[1][7)*, and P[l] can now be explicitly determined, but a certain 
care has to be excercised. Namely, the domain of Pr[1][/ consists of exactly those functions 
if G L 2 (X) for which Up is absolutely continuous, with (Uip)' G L 2 (M). Now Up is absolutely 
continuous exactly when if is absolutely continuous in the interval X = [0,£], and vanishes at 
the endpoints. (If it did not vanish, then there would be a discontinuity.) The set of absolutely 
continuous functions if G L 2 {X) with if' G L 2 {X) and f{Q) = f{£) = is denoted by Dom(Po), 
and the corresponding version of the differential operator —id/dx by Pq, acting in L 2 (T). Hence, 
P R [1}U = UP . This implies P[l] = U*P R [1}U = U*UP = P , see (JTB}. The operator P is well 
known to be densely defined and closed (see e.g. |13|). 

Now the adjoint of Pr[1][/ = UPq is a map from a subspace of L 2 (IR) to L 2 (I). A vector 
if; G L 2 (M) belongs to its domain exactly when if i— > (ip\UPof) = (U*ip\Pof) is continuous in 
Dom(P ) Q L 2 (Z). But this happens exactly when U*ip = ip\[o,£] G Dom(P *). Now Dom(P *) 
consists of those vectors if G L 2 {X) which are absolutely continuous, with if' G L 2 (I), and no 
other restriction. Hence, 

Dom ((Pr[1]{7)*) = {ip G L 2 (IR) | i/)\[o,i] is absolutely continuous and ^|[o^] G L 2 (X)}. 

Obviously, this contains Dohi(Pr[1]), as required by the general inclusion C/"*Pr[1] C (P r [1]?7)*, 
see ([20]). Now it is clear that U*P R [1] ^ (P R [1]C/)*, since ij) G Dom((P M [l]f/)*) does not 
even have to be continuous outside [0,£]. Instead, we have P]g[l](Dom(P]R[l]) D U(L 2 (X))) C 
U(L 2 (1)), because if ip G L 2 (R) vanishes outside [0,£], then (P H [l]^)(z) = for x £ [0,£]. 

Hence, we know from Proposition [TBI (b) that P'[2] = P[1]*P[1] = P *Po- The domain of this 
operator is characterized by the boundary condition ip(0) = ip(£) = 0, and the requirements 
that ip be continuously different iable and ip" G L 2 {X). Note that this operator is selfadjoint by 
Proposition [T5| the operator (2m) _1 P'[2] is the Hamiltonian operator for the particle of mass 
m confined to move in the interval X ("particle in a box"). The spectrum of this operator is 
discrete and has the complete orthonormal system of eigenvectors ip n , 

associated with eigenvalues A, 

P'[2]^ = ^A„ ftM^n, 

We will show in the Appendix that P[2] = P[2] = P 2 . As required, this a restriction of P'[2] = 
P *Po, and the difference is exactly in the additional boundary condition ip'(0) = ip'(£) = for 
any ij) G Dom(P 2 ) C Dom(P *P ). 

To conclude, the physically reasonable definition for the second moment operator of the 
POVM E is the symmetric weak operator integral P'[2] rather than the strong operator integral 



sm(nirx/£), n G Z, < x < 
n 2 7T 2 /{2£ 2 ), that is, 



i) G Dom(P'[2]) = { ip G L 2 (X) 



< oo 



/It- 
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P[2] = P[2]. With this choice, the POVM E satisfies analogous "quantization rules" as the full 
line momentum, up to second moments. 



Appendix 



The notation cp( k > 
Hilbert spaces 



d k ip/dx k , (p(°> = ip, will be used. Define, for all n — 1, 2, the Sobolev- 



H n (T) = { if G C n -\T) 



(n-l) 



is absolutely continuous and tp( n ' G L 2 {I) } 



where C k {X) is the space of fc-times continuously differentiable complex functions on I (and 
C°(X) stands for continuous functions). For n = 1 we write H l {T) = H(T). 

We start with the definition for the moment operators that usually appears in the literature, 
namely P[n], n G N. The following result was briefly mentioned by Werner j 19 j . We give a 
proof here in order to emphasize that care has to be taken on absolute continuity. That care 
is needed can also be deduced from the fact that the only difference between the integrals that 
one has tool is their domains. 

Proposition 17. P[n] = Pq , and P is variance-free. 

Proof. According to the definition, the square integrability domain is 



Dom(P[n]) :=<<pe L 2 (X) 



x 



2n 



dPtp^ix) < oo 



Since (ip\ P(X)ip) = (Utp\ P^(X)Uif) for if G L 2 (T), it follows immediately from the usual 
spectral theory that £/Dom(P[n]) = Dom (P tt [n]) H U{L 2 (X)). Each function <p : R -»■ C 
belonging to Dom(Pu[l]) is absolutely continuous, so it follows that 



Dom(P[n]) 



V G H n (T) 



d k 
dx k 



d k 

dx k 



if{£) = for k = 0, 1, 



n 



Dom (P r 



Then given a <p G Dom(P n ), Pj, )V (X) = (Utp \ P R (X)U<f) for all tp G L 2 (l), so by the spectral 
theorem, (-0|P[n]</?) = (Uip \ Pi&[n\U(f). The important point now is that the range of U is 
stable under P^fn], i.e. Pr[w] ( Dom(PK[n]) PI rant/) C rant/, since P^fn] is a derivative and 
the functions in the range of U vanish outside the interval X. It follows that PR[n]i7<^ is 
orthogonal to (rant/) , which implies that (\P|[/P[n]y) = (W | P^[n]Uf) for any ^ G L 2 (R), 
and so t/P[n]y9 = Pu[n]C/(^. Since P^[n] acts as the differential operator, this clearly implies 
that P[n] does the same. Hence, P[n] = Pq 1 . The fact that P is variance- free follows from the 



relation £/P[n]<^ 
P[l]f 



Pr[ 



n]Uip (see [T9 
t/P[l]^ 



Pr[: 



As the proof is very short, we give it here: 
n]Uf\\ 2 = / x 2n d[Pu)u<p,Uip(x) = 



x 



2n 



dP inm {x^j 



for each if G Dom(P[l]). 



□ 



We now proceed to the other two definitions P[n] and P'[n]. The first thing to note is that 
both the strong operator integral P[n] and the weak one P'[n] are symmetric extensions of 
P[n] = Pq. Hence, it follows that Dom(P[n]) C Dom(P'[n]) C H n (I), and these operators just 
act as (—i) n d n /dx n on their respective domains. 

We will first show that P[n] = Pq™, for all n = 1,2,... (see Proposition [T51 below.) The 
following two lemmas are needed. Let J 7 : L 2 (R) — > L 2 (R) be the Fourier-Plancherel operator H 



5 Here we want to apply J- to functions in L 2 (I). In our notation this would be written as TV ; in order to 
simplify the notations, we will write J- instead. 
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Hence, 

i r e 

(Tcp)(x) = —= / e- txt p(t) dt, x G R, <pe L 2 (I). 
v27r Jo 

(Note that every element of L 2 (I) is integrable by the Cauchy-Schwarz inequality.) The function 
Tip : R — > C is continuous, bounded, and belongs to L 2 (R). 

Lemma 4. (a) For any tp G H{X), we have 

[JFy']{x) = ix[T<p](x) + -^=\ip{l)e- ixl - <p(0)], iGl 

V 2n 

(b) For any (p G # n (Pj nDom(P n " 1 ), we have 

■n 

x n [Tcp](x) = {-i) n [JF^]{x) + -^=[cp^ n - 1 \e)e- i£x - ^ (n " 1} (0)], iGl 

V 27T 

Proof. Straightforward application of absolute continuity and integration-by-parts. □ 



Lemma 5. Let a, b G C. 27ien x h-> F^{x) := [J 7 '?/'] [ ae l& — &] Lebesgue-integrable over R 
/or a// ip G L 2 {X), if and only if a = b = 0. 

Proof. We only need to consider functions ^ G L 2 (I), where ^g(t) := e~ t8t , with G R. Then 

^ |- e i(*+fl)/ _ !] [ e -i*t a _ 6 ] 

F^ g {x) = - — — — == . 

z(x + v)y In 

If|a| 7^ then |F^ (x)| > 2| sin(x£/2)|a/(i|x|v^2~7r), with a = | |a| — 16| |, so is not integrable. 

If \a\ = \b\, take so that a = -e~ m b. Then F Vg (x) = -2&sin((x + #)£)/( v / 27r(x + #)), which is 
again not integrable. The only remaining possibility is a = b = 0, and then = is trivially 
integrable. □ 

Proposition 18. P[n] = P[n] = Pq for all n = 1, 2, 

Proof. We have already noted that P[n] is a restriction of (—i) n d n /dx n : H n {X) — > L 2 (X). In 
particular, Dom(P[n]) C H n (I). Thus, we only need to show that the vectors in Dom(P[n]) 
are exactly those elements of H n {X) which satisfy the boundary conditions defining Dom(P^). 
Proceeding by induction, we first consider the case n — 1. Using Lemma HI we get 



(21) x[^](x)[T^}(x) = -i[Tip]{x)[Ty']{x) + [^]{ x )[^) e -^ - ^(0)], 

V Z7T 



for ip G L 2 (X) and (p G H{X). By definition, </? G Dom(P[l]) if and only if x i— > [J r ip](x)[J r (p](x) 
is integrable over R for all ip £ L 2 (X). Since ip' G L 2 (I), so that both J^ip and J 7 ^' are in L 2 (R), 
the first term in the right hand side of (12~T|) is integrable in any case. Hence tp G Dom(P[l]) if and 
only if the second term is integrable for all ip G L 2 {X). But by Lemma El this happens exactly 
when ip(0) = ip(£) = 0, i.e. tp G Dom(Po). Thus, P[l] = Pq. Now we assume inductively that 
P[n — 1] = Pq 1 - Since < 1 + \x n \ for all x G R, and the relevant complex measures are 

finite, it follows that P[n] C P[n — 1] = Pq' 1 , where the last equality follows from the induction 
assumption. Hence, Dom(P[n]) C H n (X) n Dom(P n ~ 1 ). Letting <p G H n (X) n Dom(P n_1 ) we 
get from Lemma H] (b) that 



x n [^]{x)[^]{x) = {-iT[^]{x)[F^]{x) + [jr^( x )[^i) {e)e ^ _ ^(n-l) 

V 27T 



for all ip G L 2 (X). Since now ip( n > G L 2 {X) (because <p> G H n (I)), we can again use the same 
argument as before to conclude by Lemma [5] that ip G Dom(P[n]) if and only if <^ n_1 )(£) = 
<yj( n-1 )(0) = 0, i.e. ip G Dom(P(] 1 ). The proof is complete. □ 
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For the weak operator integral P'[n], the following result holds. 
Proposition 19. P'[l] = P and P'[2n] = (P n )*P n . 

Proof. The last statement follows from Propositions [16] (b) and [T7] because the derivative of a 
function with support in I also has support in X (this was already mentioned in the proof of 
Proposition [T7|) . 

To prove that P'[l] = Pq, recall first that P'[l] is a symmetric extension of P[l], and hence 
coincides with one of the selfadjoint extension^ P^ of P , or P itself. We show that Dom(P'[l]) 
is a proper subspace of Dom(P^), so that P'[l] = Pq must hold. For any a, b G C, define 
(fa t b : R — > C via <^> b a {t) := {b — a)t/£ + a. This is obviously infinitely differentiable, and satisfies 
the boundary conditions yv&(0) = a and <p a ,b{£) = b, so for a suitable choice of the two constants, 
the vector (p a f, will belong to the domain of a given P™\ We will show that it does not belong to 
the form domain Dq(x, P) (which is even larger than the domain of P'[l]), unless a = b = 0. In 
order to prove this, it suffices to show that xG(x) is not integrable over [1, oo), where G : R — > C 

i ■ 2 

is the density of the measure P<p ab ,<p ab , i.e. G(x) := |(J r <y9 ai b)(x)| 2 = (2tt)^ 1 J q e~ txt (p a ^{t)dt . 

Now in case a = b ^ 0, we have simply xG(x) = 2|a| 2 [l — cos(x£)}/(2ttx), which is not 
integrable. In case a ^ b, we put a' := {b — a)£~ l ^ 0, b' := a/a'; then we get 2n\a\~ 2 xG(x) = 
h(x) + x" 2 (/(x) + x~ 1 g(x)), where h(x) := x~ x \i + b' — b'e tx£ \ 2 , and / and g are bounded 
real functions. Now f xG{x) dx = oo is equivalent to J°° h(x) dx = oo, which is true because 

h(x) > (K+jl | E ~ |b|)2 in case \£ + b\ \b\, while h(x) = 2|6| 2 x~ 1 [l - cos(x^ + (5)} for some (5 e [0,2tt) 
in case \£ + b\ = \b\. The proof is complete. □ 

Remark 6. It is interesting to compare the domains of the differential operators P[2n] = P[2n] 
and P'[2n], both acting as restrictions of the maximal operator (—l) n d 2n /dx 2n , and thereby 
differing only by boundary conditions. Explicitly, we have 



Dom(P[2n]) = Dom(P 2n ) = P" 2n (X) | ip^ k \0) = <pW(£) = 0, jfc = 0, 1, . . . , 2n - 1 } ; 

Dom(P'[2n]) = Dom((P n )*P™) = { p E H 2n {X) \ ^ (fc) (0) = (p {k) (£) = 0, k = 0, . . . , n - 1 } . 

(To obtain the last equality, recall that Dohi^Pq 1- )*) = H n (I).) Hence, in the case of even 
index, the weak moment operator integral differs from the strong one in that half of the bound- 
ary conditions are removed. Note also that P'[2n] is selfadjoint, because Pq is closed. However, 
as the example P'[l] = P shows, odd moments need not be. 
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